Nonlinear relaxation between spin waves (magnons) and the crystal lattice (phonons) in an insulating ferromagnet is investigated theoretically. Magnons and phonons are described by the Exp. Theor. Phys. 31, 232 (1956)]. The elaborated theoretical description is relevant for spinpumping experiments and thermoelectric devices in which the magnon temperature is essentially higher than the phonon one.
I. INTRODUCTION
In the last years, spin caloritronics, which is concerned with the interplay between spin and heat currents in magnetic materials, has attracted great attention [1] [2] [3] . This attention is, in particular, motivated by recent discoveries related to thermal spin injection via the spin Seebeck effect [4, 5] that can produce spin current densities that are two orders of magnitude larger than those produced via electronic or resonant excitation approaches. For instance, within the context of energy conversion applications, thermal spin transport provides conceptually new mechanisms for solid-state thermal-to-electrical energy conversion that may be used for waste heat recovery and temperature control [3] . Furthermore, the field of magnon spintronics has emerged [6] , concerned with structures, devices and circuits that use spin currents carried by magnons, the quanta of spin waves. Analogous to conventional electric currents, magnon-based currents can be used to carry, transport and process information as alternative to charge-current-driven spintronic devices [7, 8] . Recently, pure magnonic spin currents in insulating ferromagnets featuring absence of Joule heating and reduced spin wave damping have been suggested for the implementation of efficient logic devices [9] . At the same time, spin waves can transport heat in the same manner as the lattice excitations (phonons) transport heat through perturbations of the atom positions [10, 11] .
Heat transport by magnons and their relaxation on phonons become especially important in such insulating magnetic materials as, e.g. Y 3 Fe 5 O 12 [12] , in contradistinction to metallic ferromagnets whose thermal conductivity is dominated by the conduction electrons.
While the electron-phonon and magnon-phonon relaxation has been investigated in a series of theoretical works [10, [13] [14] [15] [16] [17] [18] [19] , the nonlinear relaxation of magnons on phonons -the subject of this work -has not been addressed theoretically so far. In this regard, the most closely related available theoretical work, which is similar in both, the problem statement and the solution scheme, is the problem of nonlinear relaxation of electrons on phonons considered by Kaganov, Lifschitz and Tanatarov (KLT) back in 1956 [14] . In that work, which is still the main model for analyzing experiments on the energy relaxation of excited electrons in metals [20] [21] [22] [23] [24] , the nonlinear heat current Q from hot electrons at temperature T e to cold phonons at temperature T p in metals was calculated within the framework of the two-temperature model with T e and T p being smaller than the Debye temperature Θ D . A nonlinear expression was obtained for the heat current Q = A(T 5 e − T 5 p ) from electrons to phonons, where A is a constant expressed via the conductivity and the lattice parameters of the metal [14] . While the KLT results have allowed for analyzing various aspects of the time-dependent dynamics of hot electrons in metallic thin films at low temperatures (T ≪ Θ D ) [17, 19] , so far the problem of relaxation between magnons and phonons in insulating ferromagnets has only been considered [25] in the linear regime Q ∼ (T s − T l ), where T s is the magnon temperature. In state-of-the-art spin-pumping experiments [1] [2] [3] 26] , however, the magnon temperature T s can be essentially higher than the phonon temperature T l , thus requiring a theoretical account for the nonlinear heat current regime.
Here, we bridge this gap by considering the case of nonlinear relaxation between magnons and phonons when T s > T l and derive expressions for the nonlinear heat current from magnons to phonons in an insulating ferromagnet.
II. MAIN RESULTS
Specifically, we consider the following problem. The nonlinear relaxation between spin waves (magnons) and the crystal lattice (phonons) is considered in an insulating ferromagnet, Fig. 1 . In the ferromagnet, magnons are characterized by the temperature T s which is essentially higher than the phonon temperature T l , i.e. T s > T l . The equilibration time for magnons in the ferromagnet is much smaller than the equilibration time between magnons and the crystal lattice [25, 27] . Therefore, the magnon subsystem is considered in the quasiequilibrium regime described by the conventional Bose-Einstein distribution n(
2 is the dispersion law for magnons in the longwavelength limit ka ≪ 1 with Θ c being the Curie temperature of the ferromagnet, a the lattice constant, and k = |k| the magnon wavevector. The theoretical task is to derive microscopically the nonlinear heat current Q from hot magnons at the temperature T s to cold phonons at the temperature T l .
To accomplish this, we calculate the change in the number of phonons with the given wavevector q per unit of time (Ṅ q ) s via the phonon-magnon collision integral L ls {N, n} [27] describing the absorption or emission of phonons by magnons, (Ṅ q ) s = L ls {N, n}. Given the momentum conservation, L ls {N, n} can be expressed as
Here, |ψ sl (q, k|k + q)| 2 is the squared matrix element of the transition probability. It reads [27] 
where ρ = M/a 3 , M is the mass of the magnetic ion, a is the lattice constant, Θ c is the Curie temperature, N is the number of atoms, ω q = sq is the frequency of phonons with the wavevector q, s is the average speed of sound, and δ is the Dirac delta function.
In Eq. (1), N q and n k are the equilibrium Bose-Einstein distributions for phonons at the temperature T l and magnons at the temperature T s , namely
where ε k = Θ c (ak) 2 is the dispersion law for magnons in the long-wavelength limit ka ≪ 1.
In the limiting case
With the calculation steps detailed in Appendix, the searched-for change in the number of phonons readṡ
Here,
, which plays the role of an effective inverse temperature. In the integral over the dimensionless magnon energy y = ε k /T s , the lower integration limit y 0 reflects the Cherenkov character of the emission of phonons by magnons. Namely, only magnons whose energy is larger than Θ 2 D /4Θ c can emit phonons. With the passage from summation over k to integration and after the introduction of the magnon "overheating" parameter γ = T s /T l , the heat current Q = q ( ω q )Ṅ q from magnons to phonons acquires the form
where
and
The dependence of the integral K(p) on the parameter γ = T s /T l and the effective inverse Fig. 2 . One sees that when the magnon and phonon temperatures are equal, i.e. when γ = 1, K(p) = 0 as expected. In the limiting case of large y 0 , that corresponds to the limit of low temperatures, K(p) becomes exponentially small due to the factor ∼ e −y 0 in Eq. (7). The value of K(p) increases with increase of both, the magnon "overheating" parameter γ and the inverse temperature y 0 .
While Eqs. (5)- (7) are valid at any arbitrary temperature T l when T s ≪ Θ D , the condition T s ≪ Θ D allows us to essentially simplify Eq. (7) in the low-temperature limit. Namely, we can limit ourselves to p = 1 when
where Γ(n) is the gamma function, ζ(n, m) is the generalized zeta function, µ = 1/γ = T l /T s , 
III. DISCUSSION
Proceeding to a discussion of the obtained results, first of all we recall that Eqs. (5)- (7) describe the nonlinear heat current between magnons and phonons in an insulating ferromagnet in the case when the states of the magnon and phonon subsystems are described by the equilibrium Bose-Einstein distributions with different temperatures T s and T l , respectively. Experimentally, the condition T s > T l can be realized in consequence of, e.g., parametric pumping of spin waves in insulating ferromagnets [27] . Theoretically, the formulation of the considered problem is conceptually similar to the two-temperature KLT problem [14] of nonlinear relaxation between electrons and phonons in a metallic sample.
Since the KLT model is widely used for analyzing experiments on the energy relaxation of excited electrons in metals [2, [21] [22] [23] [24] , in what follows it is instructive to briefly outline the main results of the KLT work with the aid of emphasizing its similarities and differences with the magnon-phonon nonlinear relaxation problem considered here.
Specifically, the KLT work relies upon a quadratic and isotropic dispersion of the electron energy in a metal ǫ p = p 2 /2m, where m is the effective mass. It is assumed that phonons have only a longitudinal acoustic mode with the linear dispersion ω q = sq, where s is the speed of longitudinal sound and q = |q| is the phonon wavevector. KLT use a deformation potential approximation for the electron-phonon interaction (EPI) [14] . Namely, the probability of the electron transition from the state with momentum p into the state with momentum p′ per unit of time is expressed by the function w(q) which is proportional to the squared EPI matrix element
where µ is the constant of the deformation potential on the order of the Fermi energy
F /2m and ρ f is the film density. In the KLT work, electrons and phonons are considered in quasi-equilibrium and they are characterized by the temperatures T e and T p , respectively.
For the derivation of the dynamic equations for the electron and phonon temperatures KLT derived the specific power P ep of the heat current from hot electrons to cold phonons, which is expressed via the electron-phonon collision integral
With the Bose-Einstein distribution N q = n q ≡ [exp( ω q /k B T p ) − 1] −1 for phonons and the 
where the function F (T ) is determined by
From Eqs. (11) and (12) it follows that at high temperatures (with respect to Θ D )
P ep = α(T e − T p ), while at low temperatures P ep = A(T 
On the basis of the KLT work [14] one can write down the system of the nonlinear dynamic equations for the electron and phonon temperatures [20, 21] . In the spatially homogenous case, which is typical for thin films, this system of equations reads
where c e and c p are the electron and magnon specific heats, respectively, and W (t) is the specific power of heat sources heating the electrons.
Turning back to our magnon-phonon problem, in the spatially homogenous case of an insulating ferromagnetic thin film with d < s/ν ls , where d is the film thickness and ν ls is the collision frequency of phonons with magnons, we can write a system of the nonlinear dynamic equations for the magnon and phonon temperatures
where c s and c l are the magnon and phonon specific heats, respectively, and W s (t) is the specific power of heat sources heating the magnons. Now, we are in position to emphasize the similarities and the differences in the results obtained in the problems of nonlinear magnon-phonon relaxation in our work and the nonlinear electron-phonon relaxation in the KLT work.
Firstly, the general scheme for the calculation of the heat flows in both problems is formally similar, relying upon the formulae
whereṄ q is the change in the number of phonons with the wavevector q per unit of time.
This change in the number of phonons is caused by the emission or absorption of phonons by magnons [Eq. (17)] or electrons [Eq. (18)], and it is determined by the collision integrals (1) and (10) for phonons with the respective quasiparticles. Both these collision integrals are equal to the product of the frequency ν of the collisions of phonons with magnons or electrons and the difference of the equilibrium Bose-Einstein distributions n(ε q /T ), namely
where ε q = ω q is the phonon energy.
Secondly, we note that while the integrals L ls and I pe in Eqs. (19) and (20) look formally similar, the collision integral for magnons and phonons L ls given by Eq. (1) for the collision frequency ν ls has a more complex structure than that for the collision frequency of phonons with electrons ν pe ∼ (s/ϑ F )ω q given by Eq. (10).
Thirdly, the presence of the finite integration limit y 0 over the dimensionless magnon energy y = ε k /T in Eq. (4) is caused by the fact that the emission of phonons by magnons is only possible for magnons whose energy is larger than Θ 2 D /4Θ c . It is this crucial point which underlines the Cherenkov character of emission of phonons by magnons in insulating ferromagnets. This is distinct from the EPI in metals where any electron at the Fermi surface can absorb and emit a phonon, since the speed of sound in metals s is much smaller than the electron Fermi velocity ϑ F . In consequence of this, in contrast to the frequency of the phonon-electron collisions ν pe which only depends on the absolute value of the phonon wavevector q, the frequency of the phonon-magnon collisions in Eq. (4) also depends on the magnon temperature T s , that is
In addition, we note that the expression for Q in Eq. (5) is only valid when T s ≪ Θ D , while for electrons in metals the expression P ep (T e , T p ) is valid at any arbitrary T e T p when T e ≪ ε F . The same considerations hold for the nonlinear dynamic equations for electrons [Eqs. (13) and (14)] and magnons [Eqs. (15) and (16)].
Finally, we would like to emphasize the general importance of the obtained results. In the experimental work by Schreier et al [2] it has been pointed out that one of the challenges in analyzing the intertwinned charge, spin and heat currents in hybrid magnetic structures is a proper account for temperature differences in the electron, magnon and 
where γ = T s /T l > The condition (22) for Φ can be rewritten in terms of a sum of the geometric sequences with the decreasing denominators e −y and e −(x+y) , namely
While passing from the sum over k to integration in Eq. (22) in the long-wavelength limit ka ≪ 1 we have used
where dO = 2π sin θdθ and θ is the polar angle of the vector k with respect to the vector q.
Given that 
Here, the calculation of Q at an arbitrary p is reduced to the calculation of the integral
Using relation 2.3.13.22 in Ref. [29] for p = 1 one can rewrite 
Here, ϕ 1 = e −y 0 (y 0 + 1), ϕ 2 = e −y 0 (y 
